Abstract -This paper presents a constitutive law that predicts the changes in elastic moduli, Poisson's ratio and ultimate tensile strength of bioresorbable polymers due to biodegradation. During biodegradation, long polymer chains are cleaved by hydrolysis reaction. For semicystalline polymers, the chain scissions also lead to crystallisation. Treating each scission as a cavity and each new crystal as a solid inclusion, a degrading semi-crystalline polymer can be modelled as a continuum solid containing randomly distributed cavities and crystal inclusions. The effective elastic properties of a degrading polymer are calculated using existing theories for such solid and the tensile strength of the degrading polymer is predicted using scaling relations that were developed for porous materials. The theoretical model for elastic properties and the scaling law for strength form a complete constitutive relation for the degrading polymers. It is shown that the constitutive law can capture the trend of the experimental data in the literature for a range of biodegradable polymers fairly well.
Introduction
There is a worldwide attempt to develop and use bioresorbable medical implants such as coronary stents and fixation screws made of bioresorbable polymers. The bioresorbable screws and plates have been used for internal fixation in patients for a number of years. The bioresorbable stents are currently being used in several countries. Unlike permanent implants made of stainless steels or titanium alloys, bioresorbable implants "disappear" after serving their functions in the human body. When designing bioresorbable implants, it is important to understand how the mechanical properties of the polymer materials change as they degrade. Numerous studies have been carried out for the effective moduli of composite materials. The Voigt approximation is probably the simplest model which assumes the strain throughout a composite is uniform and equal to the average strain. The Reuss approximation assumes that the stress throughout a composite is uniform and equal to the average stress. Hill proved that the Voigt approximation and Reuss approximation are actually the upper and lower bounds of the effective elastic moduli (Hill, 1963 ). Hashin and Shtrikman also provided bounds for the elastic moduli and tensors of isotropic composites reinforced by aligned continuous fibres or randomly positioned particles which are similar to Walpole bounds but better than the Voigt and Reuss bounds (Hashin and Shtrikman, 1962, Walpole, 1966) . The effective moduli estimated by Eshelby using the EIM method is only valid in the limit of low porosity (dilute limit) (Eshelby, 1957) . The EIM yields the same result as the dilute approximation which ignores the interaction between reinforcing particles. The self-consistent schemes (SCS) use material properties of a composite for infinite medium, i.e. the inclusion phase is assumed to see an effective medium of unknown properties. Hill presented the overall constraint tensor 3 for an isotropic continuum containing a spherical cavity based on the self-consistent method.
He assumed that inclusions are spheres distributed in a way such that the composite is statistically isotropic overall (Hill, 1963) . Mackenzie (1950) was probably the first who calculated the elastic constants of solid containing circular cavities. His scheme, known as the generalised self-consistent scheme (GSCS), assumes that particles are surrounded by a concentric shell of known property embedded in an effective medium of unknown properties (Mackenzie, 1950) . Buiansky proposed a method to avoid the problem of giving meaningless values for the effective moduli of a composite material which arises when the volume fraction of inhomogeneities is increased (Budiansky, 1965) . The SCS is a two-phase model while GSCS is a three-phase model which according to Aboudi yields a better result (Aboudi, 1991). Hashin also proposed a composite spheres model which derives the bulk modulus of a composite material composed of a collection of spheres each of which consists of a spherical core (particle) and a concentric spherical shell (matrix) (Hashin, 1962) . The result of the composite spheres model coincides with that of GSCS. The overall moduli of a two-phase elastic composite material can also be determined by differential scheme (DS). In this method the composite material is constructed explicitly from an initial material through a series of incremental additions. To account for phase interaction effects, the Mori-Tanaka's scheme (MTS) relates the average stress or average strain tensors of matrix and inhomogeneities (inclusion) phases by the fourth order concentration tensors (Mori and Tanaka, 1973) . All of the SCS, GSCS, DS and MTS schemes that are typically derived based on the concept of representative volume element (RVE) are approximate schemes of interacting defects (Kachanov et al., 1994) . The RVE is a sub-volume of sufficient size of an inhomogeneous medium. Since the material is assumed to be statistically homogeneous, the mechanical properties of the entire composite material are assumed to be the same as those of the RVE. Treating each chain-scission as an effective cavity, a degrading amorphous polymer can be modelled by a continuum solid containing randomly distributed cavities with a common radius. Fig. 1 shows a degrading polymer whose molecular chains are broken by hydrolysis reactions. It is assumed that each chain scission leads to a cavity in the polymer matrix.
A semi-crystalline polymer undergoes an increased crystallinity during the hydrolysis degradation (Tsuji et al., 2004) . Treating each crystal as a solid inclusion and each chain scission as a cavity, a degrading semi-crystalline polymer can be modelled by a continuum solid containing cavities and solid inclusions. A crystal has a higher stiffness than the amorphous matrix while a cavity is a region whose stiffness is zero. Fig.2 shows our model for a degrading semi-crystalline polymer before and after degradation.
In the solid mechanics literature, the cavities and inclusions can be referred to as inhomogeneity together. The average stress  of a 3-phase material with perfect bonding between constituents shown as Fig. 3 can be obtained by (Aboudi, 1991 , Mura, 1987 . (1) becomes
Using Hook's law Eq. (2) becomes
Where and ̅ are the elastic stiffness and the average strain of the matrix phase. The elastic stiffness of a cavity inclusion is 0 ) 1
From the analysis of the average strain we obtain
According to the average strain theorem ̅ = 0 (Mura, 1987) , we have
Substitution of Eq. (6) into Eq. (4) gives the effective stiffness of degrading bioresorbable polymers as
In tensor notation form it can be written as
This will be referred to as Model One in our following discussions, which is actually constitutive law of effective moduli of a three phase particulate composite material when
(1) = 0. It implies that the effective moduli of semi-crystalline bioresorbable polymers can be determined from the elastic moduli of crystalline phase provided the average strain 2) in the phases are known.
The bulk and shear moduli when RVE is subjected to remote hydrostatic pressure 0 kk  and shear strain 0 12  are given by
The concentration factor ̅ ( ) / 0 can be determined from micro-mechanical schemes such as MTS and EIM that can be found in Table 1 .
The Poisson's ratio and the Young modulus are given by
There are other schemes for the concentration factor in the literature. The reason to select MTS and EIM models in this study is because EIM is valid for dilute limit and MTS also accounts for the interaction between inclusions. Therefore, the result of Eq. (8) can be compared with the both interacting and non-interacting inclusions.
The constitutive law for amorphous degrading polymer can be obtained from Eq. (8) by setting 0
The bulk and shear moduli of the amorphous polymer are given by
= − (1) ( ̅ 12 (1) / 0 12 ) (15) which is simply the constitutive law for the effective moduli of a two-phase composite material when elastic moduli of the particles (phase 2) within the matrix phase is zero (Aboudi, 1991 , Mura, 1987 ). This will be referred to as Model Two in the following discussion.
Predicting effective moduli of degrading amorphous polymers
The effective moduli of a degrading amorphous polymer can be calculated from Eq. (13) using the initial conditions and the current average molecular weight of a degrading polymer.
The volume fraction of the cavities (porosity) (1/m 3 ) is given by 
where ̅ is the number averaged molecular weight normalised by its initial value, 0 is the initial number average molecular weight (g/mol), 0 is the initial concentration of ester Table 2 also provides the radius of the effective cavities for each PLA films using which the Young modulus of the PLA films are fitted using the MTS model.
The porosities of the PLA films of Table 2 as function of degradation time are obtained from Eqs. (16) and (17) which are shown in Fig.4 . It shows that the amorphous PDLLA polymer has a higher porosity compared to other amorphous polymers. 
Predicting Young's moduli of degrading semi-crystalline polymers
The effective moduli of the semi-crystalline crystalline polymers can be predicted from Eq. Table 3 as functions of degradation time. Fig. 7 shows the fitting between the Model One and the experimental data for the first five semi-crystalline PLLA films of Table 3 . It can be observed from this figure that the model can capture the trend of the experimental data fairly well, particularly for the first two years of degradation during which the polymer loses 65% of its elastic property.
In fact, using the average of the difference between normalized experimental and predicted
Young's modulus data shows that the level of agreement between experimental and predicted Young's modulus data is 0.11, 0.16, 0.19, 0.09 and 0.07 for the polymer cases 1-5 of Table 3 . Table 2 . It can be observed from this figure that the Poisson's ratio of all the amorphous polymers decreases by time. It also shows that the Poisson's ratio of the PDLLA film decreases more than other PLA films. This may be due to the higher porosity of the PDLLA film as shown in Fig. 4 . In fact, degradation leads to cavities, making the material less dense. That means degradation leads to smaller Poisson's ratio for the amorphous polymers.
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The Poisson's ratio of the semi-crystalline polymers listed in Table 5 -3 is shown in Fig. 12 . It can be observed from this figure that the Poisson's ratio of the semi-crystalline polymers almost remains un-changed for an induction period then increases. The reason might be due to the increase in crystallinity of the polymer at the later stage of degradation which causes the polymer to become denser. Fitting tensile strength of degrading amorphous polymers using scaling law
The experimental data of the tensile strength of degrading polymers can be predicted by using the scaling relation of the porous metal foams from in the literature. This is particularly useful in the early stage of design when approximate analysis of components and structures is where has a value between 0.1 and 1.4, , is the initial compressive strength of the matrix (solid metal), / is the material relative density and is density of the matrix.
The relative density of a degrading amorphous polymer due to the presence of cavities can be expressed in terms of porosity as (Fig. 4) . That means the same radius of cavity r as what used in section 4 for predicting the Young modulus of the PLA films is used here for the prediction of the tensile strength of the PLA films. The values of r and n have been given in Table 4 .
It can be observed from Fig. 23 that the scaling law can capture the trend of the experimental tensile strength of the amorphous PLA films fairly well. Table 4 shows that PLA films with a higher porosity have a higher value of n. In fact, the value of n governs by the density of the degrading polymer which depends on the porosity of the polymer.
Sensitivity analysis
The sensitivity analysis shows that the tensile strength of the PLA films decreases faster during the degradation time when r remains constant but n increases by 30% as shown in Fig.   24 . This indicates that the tensile strength is not very sensitive to n.
However, when n remains constant but r increases by 30%, then the tensile strength of the PLA films decreases much faster than when r remains constant but r increases by 30% as shown in Fig.15 . This indicates that the tensile strength is sensitive to r rather than n.
Conclusions
A complete constitutive law consisting of Model One and Model Two for elastic properties and the scaling law for strength is presented to predict the change in elastic moduli, Poisson's ratio and ultimate tensile strength of bioresorbable polymers due to biodegradation. The elastic moduli and Poisson's ratio of semi-crystalline polymers having both initial and scission-induced crystallinity were predicted by Model One which was also reduced to predict the elastic moduli and Poisson's ratio of the amorphous polymers referred to as Model
Two. The scaling law (that was derived based on the scaling relations for metal foam 13 properties) was used for fitting the tensile strength experimental data of degrading amorphous bioresorbable polymers.
The results of the study showed that the constitutive law could successfully capture the trend of the changes in observed mechanical properties of degrading bioresorbable polymers. It also showed that the radius of cavities, r, which was the only fitting parameter in predicting the elastic moduli of degrading polymers and used to calculate the porosity of such polymers, had a value between 0.5-1.5 nm for amorphous polymers and 1.5-4.5 for semi-crystalline polymers. Meanwhile, it was found out that the scaling law was very sensitive to r but not much to another fitting parameter, n, that as a fixed exponent could take different values depending on the polymer structure and was increasing when porosity of the degrading polymers was decreasing.
Furthermore, the results showed that the degrading amorphous polymers with higher porosity had a lower Poisson's ratio. For instance, the Poisson's ratio of the four amorphous PLA films almost with 10%, 30%, 70% and 100% porosities after 2 year hydrolytic degradation were decreased to about 4%, 13%, 23% and 30% respectively. The results also showed that the Poisson's ratio of the semi-crystalline polymers almost remained un-changed for an induction period then increased. The reason might be due to the increase in the crystallinity of the polymeric films which causes the polymers to become denser. In this study, the Poisson's ratio of the matrix and crystal phases was assumed to be 0.35 and 0.4, respectively. The reason to make this assumption was that the dense materials (such as ice) have generally larger Poisson's ratios than its less dense counterpart (such as snow,
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